We report a study of spin dynamics based on simulations with the Polymorphic Tracking Code (PTC), exploring the dependence of the static polarization limit on various beam parameters and lattice settings for a practical RHIC lattice.
INTRODUCTION
In a planar ring, the most important spin resonances are those due to vertical closed orbit distortions, which occur near ν 0 = k, k ∈ Z, namely the imperfection spin resonances; and those driven by the vertical betatron oscillations, which occur near ν 0 = k ± ν y , k ∈ Z, namely the first order intrinsic spin resonances with |k y | = 1. The major challenge in a high energy polarized proton synchrotron like RHIC is to preserve the beam polarization during acceleration [5, 6] . The well-known Frossart-Stora formula [7] describes the polarization loss after crossing a single isolated spin resonance. Introduction of a pair of diametrically opposed orthogonal Siberian snakes [8] renders the closed orbit spin tune to be ν 0 = 0.5 and independent of the beam energy. Therefore intrinsic resonances are avoided for normal ν y during acceleration and even with misalignments, ν 0 remains close to 0.5 independently of the energy so that imperfection resonances are avoided too. However, at rational vertical tunes satisfying the condition 1/2 + k = mν y , m, k ∈ Z, there still can be strong loss of polarization during acceleration. This phenomeon is traditionally called "snake res-ν y and, in particular, on and near "snake resonances".
However, in high-energy proton rings, the basic spin resonances (i.e., without snakes) of interest might not be well isolated, then a lattice-dependent study is necessary. For example, as we explain in Sections II A and II B below, doublets of higher-order resonances at irrational ν y can occur near to the ν y of a "snake resonance" since ν s need not be 0.5.
An extensive lattice-dependent study of the behavior of P lim throughout the whole energy range was made in the study of polarized proton beams up to 920 GeV in HERA [3, 19] , as an approach complementary to direct spin tracking for acceleration. It is also interesting to study P lim for the store conditions of RHIC, with a beam energy of 255GeV, since this is relevant for the study of polarization variation during physics stores with constant beam energy [20, 21] .
In section I, methods for modeling and simulation based on the Polymorphic Tracking Code (PTC) are described, and in section II the results of the simulation are presented.
I. THE MODEL FOR THE SIMULATIONS AND THE METHODS
The simulations in this paper utilize the Polymorphic Tracking Code (PTC) developed by E. Forest [22] . Designed to model various geometries of particle accelerators, PTC is capable of symplectic tracking of the orbital motion and length-preserving transport of spin [23] , where vectors of particle coordinates and Taylor maps can be tracked in a polymorphic manner, and where the latter enables the normal form analysis of the one-turn map using FPP [24] . Fortran programs have been developed to do the spin tracking, which call PTC as a library. The modeling of the RHIC lattice is presented first, followed by an explanation of the methods of simulation.
A. Modeling of the RHIC lattice
The MADX model of the RHIC lattice is exported into an input file for PTC, which is read by the Fortran program. When a particle is tracked through an integration step of a magnet body, the orbital transfer map is sandwiched in between two spin kicks in equal amounts and each orbital transfer map is a second-order symplectic integrator while each spin kick is represented by a 3 × 3 orthogonal rotation matrix. The quadrupoles must be split into many integration steps to ensure the accuracy of orbital and spin tracking. An upper limit is set for the spin rotation angle of each integration step, calculated for the betatron amplitude of the tracked particle. In this study, we use about 7 integration steps for each arc quadrupole, and up to 81 integration steps for the quadrupoles in the final focus triplets.
There are two different implementations of a Siberian snake in this study. The first method implements a zero length spin kick that rotates a spin by 180 degrees around an axis in the lattice, namely a "point-like snake", while the second method implements helical dipoles [25] into the lattice, namely a "helical dipole snake". In PTC, a helical dipole is modeled with a symplectic transfer map accurate to the 4-th order. Note that the longitudinal magnetic field inside helical dipoles will introduce a small transverse coupling at large orbital excursions.
This study implements a pair of diametrically opposed snakes and therefore the closedorbit spin tune is 0.5. Note that the spin rotators around IP6 (interaction point at 6 o'clock) and IP8 (interaction point at 8 o'clock) are not included in this study, but they can also be modeled in a similar way.
The beam-beam interaction is the major beam-current-dependent effect that might affect the beam polarization during physics stores. The effect of the beam-beam interaction on the beam polarization was studied through long-term tracking, with a lattice-independent model [26] and element-by-element tracking [27] , where the beam-beam kick on spin motion was taken into account. However, the total beam-beam parameter [28] from the two IPs in RHIC is within -0.015, and the contribution from the linearized beam-beam kick to the intrinsic resonance strength, is less than that of an arc quadrupole [27] . Therefore, the beam-beam spin kick is not too important. Nevertheless, the beam-beam interaction also introduces an incoherent tune shift for beam particles. This effect is studied in this work, with a thin-lens weak-strong beam-beam kick implemented for the orbital motion.
B. Simulation method
The n-axis is calculated in PTC using stroboscopic averaging [29] . Once n is computed for a phase space point z at an azimuth θ, a particle is launched at the same location with spin parallel to n and tracked for 5000 turns. If none of the three orbital tunes is rational, then the turn-by-turn orbital coordinates trace phase space points on the same torus, and the turn-by-turn spins { S j }, j = 1, 2· · ·5000 are the local n at the corresponding phase space points. Therefore, P lim can be calculated as an average over { S j } for such a phase space torus. In addition, the amplitude dependent spin tune can be obtained by a Fourier analysis of the spin motion according to Ref. [2] . So a particle is launched with its spin perpendicular to n, and tracked for 5000 turns, and a turn-by-turn spin series { S ⊥ j } is obtained. The NAFF algorithm [30] is then applied to calculate the fundamental frequency of the complex series Table. For a fixed lattice, different betatron amplitudes contribute to different underlying spin resonance strengths. Therefore they will lead to different behaviors of the n-axis on the tori and different values of P lim . In this study, a scan of P lim and ν s over different vertical betatron amplitudes is investigated for Case 1 and Case 2, while the synchrotron amplitude is set to zero. Note that for the cases with helical dipole snakes, the snakes introduce a small transverse coupling so that there is a nonzero but small horizontal betatron amplitude.
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▲▲▲▲▲ ▲▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ Because the helical dipoles also contribute to the driving term of the spin resonances, for this case, it appears that the contribution from the helical dipoles cancels part of the total resonance strength mainly driven by the quadrupoles.
B. Betatron tune scan
For a fixed vertical betatron amplitude, different vertical betatron tunes correspond to different distances from major spin resonances. Therefore they will lead to different values of P lim at the same vertical betatron amplitude. In this section, the integer part of betatron tunes are kept constant so that "vertical betatron tune" refers to the fractional vertical betatron tune. A list of vertical betatron tunes in a selected range is generated with a fixed step size, and the lattice is then fitted accordingly for each case with a fixed fractional horizontal tune ν x = 0.69. P lim is computed for these lattice settings with the same vertical betatron amplitude 10π mm · mrad. Helical dipole snakes are used in this simulation. that in Case 2, P lim is generally smaller when ν y is closer to 0.5, which indicates that the spin resonance ν s = ν y + integer is so strong that it affects the behavior of P lim in the whole scan range. In Case 1, however, the strength of the resonance ν s = ν y +integer appears to be much smaller. Moreover, several other higher order spin resonances are also visible in Case 2, indicating that their widths are comparable or larger than the step size 0.0005 in the vertical tune dimension. Several locations of "non-resonant beam depolarization" are also observed in this plot, where the the dips in P lim do not correspond to a jump in ν s , i.e., the locations of spin resonances. As shown in Ref. [16] , for the lattice-independent model with an isolated vertical resonance driving term and two diametrically opposed orthogonal snakes, P lim can be analytically expressed via a special function a 0 of the resonance strength, betatron tune and Gγ 0 , which goes to zero at the locations of "non-resonant beam depolarization" of that model. This is an example where the study of these lattice-independent models leads to physical insights that are nontrivial to obtain otherwise.
The vertical betatron tune range [0.67, 0.74] is of particular interests because the vertical tunes of current RHIC operations are in this range. The scan result with a step size 0.0001 is shown in Fig. 3 , where helical dipole snakes are applied. In Case 2, with this step size, it is clear that the 7/10 "snake resonance" is split into a doublet, due to the fact that ν s shifts with ν y . So the locations of the double resonances shift with amplitude as well, while a Gaussian distribution for the vertical coordinates is launched and the P lim is computed for each particle's trajectory(torus). As shown in Fig 4 , the calculated turn-by-turn n-axis of one particle forms a closed curve on the surface of a unit sphere, and this indicates the existence of an n-axis on the particle's torus in the presence of nonlinear betatron motion.
Moreover, the effect of beam-beam interaction on P lim is insignificant. Note that the helical dipole snakes introduce a small transverse coupling in this example. 
III. CONCLUSION
In this paper we compute the static polarization limit for a practical RHIC lattice with the physics store conditions for various beam parameters, as a step towards understanding the polarization evolution at store. All calculations are done on the basis of the Polymorphic Tracking Code. It is shown that the vertical betatron oscillation has the dominant effect on the behavior of the P lim in contrast with the horizontal oscillations. Note that synchrotron motion is not included in this simulation because the synchrotron tune of RHIC is very small, namely around 3 × 10 −4 at store. In this case the use of stroboscopic averaging to find the n-axis when synchrotron motion is included requires special studies. Moreover, the practical modeling of Siberian snakes with helical dipoles leads to different behavior of P lim and ν s , in contrast to the implementation of the point-like Siberian snakes. So it is advisable to model the snakes carefully. The "nonresonant beam polarization" observed and studied in the lattice-independent model is also observed in this lattice-dependent model. Moreover, the beam-beam interaction doesn't have much effect on P lim for the parameters under study.
In addition, machine imperfections can possibly tilt n 0 from the vertical and thereby lead to spin resonances due to horizontal motion. Imperfections can also shift ν 0 away from 0.5 [31] .
A realistic treatment of various sources of machine imperfections requires a very careful lattice modeling, and is beyond the scope of this paper. Nevertheless, this work shows how a study of P lim and ν s can give insights at fixed energies that are not available by executing 
